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1. Introduction and statement of the theorems 



We consider time periodic Schrodinger equations with periodic boundary conditions 
of the form 

d 

i—u^-Au + V(x,t)u, (1.1) 
ot 

where ,t G T, t G M, and F is a real analytic potential periodic in x and t. The spectrum 
of the Laplacian: cr(— A) = {j^, j G Z}. We are interested in resonant perturbations, 
i.e., when the frequency u> of the time periodic potential V is an integer, lj G Z\{0}. 

Assume tt is a solution, the norm is conserved by the Schrodinger flow map: 

\Ht)\\LHT) = \HO)\\lht), (1.2) 

for all t, and if u{0) G H^{T), (s > 0), then u{t) G H%T) for all t. Unlike the 
time independent Schrodinger equations, in general, the H'^ norms of solutions to time 
dependent equations as in (1.1) can grow in time. Here we are concerned with the 
bounds on the Sobolev norms: ||w(t)||i/«(T) as t — > oo when V is resonant. This is 
generally speaking a more "dangerous" case, where there is possible growth of 
norms. 

We note that for a linear equation of the form (1.1), if one assumes V is smooth in 
X and t (not necessarily periodic), one has the a priori bound (cf. [B2, 3]): 

\\u{t)\\H^ <Cs{l + m\\u{0)\\H^, (1.3) 

where u{t) is the solution to (1.1) with initial condition u{0). 

Under a natural spectral condition (cf. (HI) of Theorem in sect. 5), we prove 
that the norms of solutions to (1.1) remain bounded for all s > 0, 

\Ht)\\Hs <Cs\\u{0)\\hs, (1.4) 

for all t. We show that this spectral condition (HI) is verified for small potentials V. 

Previously in [Bl], it was shown that for time quasi-periodic potentials with Dio- 
phantine frequencies (hence non-resonant) 

\Ht)\\H'^ <Cs{log{l+\t\)f'>\\u{0)\\H'^, (1.5) 

for the corresponding solutions to (1.1). (1-5) holds in 1-d and 2-d when the time quasi- 
periodic potential V is small. In the periodic case, (1.5) was observed by T. Spencer 
[S], with no assumptions on the frequency co. The present paper constructs an explicit 
example where there is no growth of Sobolev norms. It is partially motivated by results 
in [Bl-3, S]. 

In a companion paper [W], using related constructions, we show that for a general 
bounded, time dependent potential V{x,t), x E T and t G M, which is analytic and 
periodic in x, smooth in t (with no further specifications on the time dependence), 
the growth of Sobolev norms is at most logarithmic in t. Previously, Bourgain [B2,3] 
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showed that the growth of Sobolev norms is at most polynomial in t: (for any e > 0) 
for V{x, t) bounded, periodic in x, smooth in x and t. 

The Floquet Hamiltonian 

When V is periodic in time, it is well known from [EV, H, YK] that properties of 
the solutions to (1.1) can be deduced from the spectral properties of the corresponding 
Floquet Hamiltonian: 

iy = -i^-A + F (1.6) 

on L^{Tx X Tt,uj), where Tx — [0, 27r) with periodic boundary conditions and Tf^oj 
0. 27r/a;) with periodic boundary conditions. 

By Fourier series, H is unitarily equivalent to 

H = diag {nw + f) + t> * on (1.7) 
where V{j^ n) are the Fourier coefficients of V: 

V{x,t)^ J2 V{j,n)e^^^-+^'^'\ (1.8) 

(j,n)eZ2 

and V* denotes convolution: 

[V*u]{j,n)= J2 V{j-j',n-n')u{j',n'). (1.9) 

ij',n') 

In this paper, for simplicity, we take 

V{x,t) = 2cosxcost, (1-10) 

instead of a more general analytic periodic potential. The frequency u = 1 here. The 
method here applies in the general case. (The term 21/(0, 1) cost can be eliminated by 
replacing u by y,e2ismtv(o,i) elimination procedure clearly holds more generally 

for potentials which only depend on t.) The Floquet Hamiltonian is then 

^ = diag (n + j^) + A (1.11) 

where 

A(j,n;/,n') = 1, |i - j'l^i = 1 and |n - n'l^i = 1, ^^^^^ 
= 0, otherwise. 

Writing H for H from now on and adding a parameter 5 in front of A (as part of 
the arguments need 5 to be small), in the rest of the paper, we shall study the spectral 
properties of the operator 

= diag (n + /) +5A on £2(Z2) (1.13) 

with A defined as in (1.12). For simplicity, we also denote | |^i by | |. 

It is known from [EV] that H has pure point spectrum for all 5 by using compactness 
arguments. However to bound the Sobolev norms, we need localization properties of 
the eigenfunctions of H. We have 
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Theorem 1. There exist Q < K < oo, < c < oo and < C < oo such that for 6 
small enough, the eigenf unctions cj) of the Floquet Hamiltonian (1-11) with eigenvalue 
E satisfy either 

|x-(0,[B])| 

\4>{x)\ < Ce ^ (1.14) 

2 

or |(/)(a;)| <C J]e-^l^-^^l (1.15) 
%=\ 

for som.e Xi = {rii, ±ji) satisfying \ni — E\ > K and |nj + jf — E\ < 2S, where [E] is 
the integer part of E. 

As a direct consequence of Theorem 1, we have 

Theorem 2. Let s > and u{0) e H^{T). Then the solution u{t) to (1.1, 1.10) with 
the initial condition tt(0) is in H^{T) for all t and satisfies 

\Ht)\\Hs <Cs\\u{0)\\hs. (1.16) 



Theorems 1 and 2 will be proved in sect. 5. Theorem 2 follows from (1.14, 1.15) 
and a standard dyadic expansion. The main work is the proof of Theorem 1. It is an 
Anderson localization (A. L.) type of results in the Fourier space. The main novelty is 
that it holds for a fixed potential. In the usual A. L. setting, the potential depends on 
a parameter and localization holds on a set of paramerters with large or (some times) 
full measure, cf. e.g., [FS, GB, GK]. The reason we do not need a parameter here 
is because of the separation properties of the set {j^, j G Z}. We use this to prove 
spacing of local eigenvalues and then uniformly localized eigenfunctions. 

2. Pure point spectrum for the Floquet Hamiltonian 

From (1.13), when V{x,t) = 2 cos a; cost, the Floquet Hamiltonian H has the form 

H = diag (n + f) + SA on ^^(Z^), (2.1) 

where 

A(j,n;/,n') = 1, |j - /| = 1 and |n - n'| = 1, 
= 0, otherwise. 

As mentioned in sect. 1, H has pure point spectrum [EV]. For completeness we give 
a proof below to this fact using our formalism. Since S will be taken to be small in 
Theorems 1 and 2, we will only address that case. (The general scheme presented in 
this paper extend to arbitrary 6, although some of the conditions, cf. Theorem in 
sect. 5, are verified only for small 6 for the moment.) 
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Lemma 2.1. H has pure point spectrum for \5\ < 1/4. 



Proof. When 6 = 0, <j{H) = {n + j'^} = 1 with infinite multipHcity. Let P be 
the projection onto the eigenspace of eigenvalue and P^ the projection onto the 
complement. P'^ = ^Nei^Moj^N, where Pn is the projection onto the eigenspace of 
eigenvalue iV, iV ^ 0. When 5 ^ (0 < 5 < 1/4), a{H) CN+ [-26, 26], N e Z. It is 
sufficient to look at spectral parameters E such that \E\ < 26. 

Using the Feshbach projection or cquivalently Grushin problem method, cf. e.g., 
[SZ], we have that E e o-{H) if and only if e a (He), where 

He = E - H^^ - H^^E - H'^'^y^H^^ (2.3) 

and 

iyoo = PHP = 6 A 

... M , A(j,n;jV) (j,n),(/,n')e {(0,0), (1,-1), (-1,-1)} 

n ) - 



Oc D U DC r D A DC 

(2.4) 



otherwise. 
H""" = PHP" = 6PAP 

ffcO ^ pc^p ^ ^pc^p 

We note that A is rank 3. Let A oat = PAPn, {N ^ 0), then from (2.2), AoAr(i,n; jV) 
only if 

N = n±l + {j± l)\+j2^o = ±2j + I ^ (2.5) 
and \j — j'\ = 1 and |n — n'| = 1. We have 

H^" = 6 ©iv/o Aon. (2.6) 

and 

iy'=° = (5©iv^o A^o- (2.7) 

Define 



(2.8) 



Let D be the diagonal part of H and D^n = P^DP^, N ^ 0. Using (2.6, 2.7) and 
the resolvent equation, we have 

Be = ®N^o Aon{E — Dnn)~^Ano 

+ [®N^oAoNiE - Dnn)-^]SA"%E - H'^'=)-^[®n'^oAn'o], 

where A"" = P'^AP'^. Be acts on the eigenspace n + p = 0. 

AoNiE - DNNr\j,n;j'n') y^O 
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only if n + = 0, \ j — j'\ = 1 and \n — n'\ = 1. Using (2.5), 

\AoN{E-DNMr\j,n;fn')\ < 0{l/\j\) » 1) 

and since 

||(£;_iycc)-i|| < 1 _25 (0<5<l/4), 

Be is compact for all E G [—25,25]. Therefore Ae is compact as H^^ is a rank 3 
operator, with the only possible accumulation point. So for all E e [—25,25], He 
has pure point spectrum with E the only possible accumulation point. Clearly the 
above argument goes through for all E e N + [—25, 25], A?" e Z, with E — N replacing 
E. 

Coming back to H, E E cr{H) if and only if G a{HE)- This implies that H has 
pure point spectrum with Z the only possible accumulation points. Here we also used 
the fact that the reduction in (2.3) preserves spectral multiplicity (cf. [SZ]). □ 

As explained in sect. 1, in order to prove boundedness of Sobolev norms, we need 
to have precise localization properties of the eigenfunctions of H. For that purpose, it 
is essential to exhibit eigenvalue spacing. As earlier, we only need to look at cr^H) fl 
[—25, 25] (0 < 5 < 1/4), as the eigenfunctions for the other intervals are just translates 
in the n direction. 

When 5 = 0, (t{H) = {n+j^} = Z. From perturbation theory, the only equi-energy 
parabola of relevance for the spectral range [—25,25] is n + = (0 < 5 < 1/4). 
Using a Newton scheme, we compute the perturbed local eigenvalues. The result gives 
the necessary eigenvalue spacing in order to prove localization of eigenfunctions. 



3. A Newton scheme 

Let be a linear operator on ^^(A), A C Z*^. We write 

H = D + AH, 

where D is diagonal. Without loss of generality, we may assume {AH)ii = 0, for all 
i e A. Let E be an eigenvalue of D, then E = Da for some i e A, with eigenfunction 
u = Si- We assume 

Da ^ Djj Vj ^ i 
and ||Aif|| < - inf | Ai - Awl- ^^'^"^ 

2 J^i 

We call i the resonant site. Let TZ = {i}. TZ^ = A\{i}. We compute the eigenvalues 
and eigenfunctions using the following iteration scheme. 

Remark. Under the assumption (3.1), i is the only resonant site, cf. (3.9). The scheme 
below however can be applied to cases where there is symmetry, (3.1) is violated and 
there are more than 1 resonant site. For example it can be used to compute eigenvalue 
splitting for the (time independent)periodic Schrodinger operator in 1-d. We leave 
this aspect of things to a future publication. The approach here is different from 
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the Raleigh- Schrodinger scheme in quantum mechanics. It is closer to the Grushin- 

Fcshbach effective operator method. More precisely it provides a way to compute 
eigenvalues when the effective operator is finite dimensional. 

We seek solutions to the eigenvalue problem 

{H - E)u = 0, (3.2) 
such that u\-jz,= 1 is fixed. As a zeroth order approximation 

E = Du, u = 5i. (3.3) 

So 

(H - E)u = AH5i'^= F{u), (3.4) 
where F{u) is the error satisfying 

F{u)\n = Q,F{u) = F{u)\no. 

Assume we have (3.2, 3.3) at the v}^ iteration, with u = u^'^\ E = E^'^\ To obtain 
the (n + l)th approximant, we write 



^(n+l) ^ ^(n) ^ ^u^n+l)<^^^^ 
£;(n+l) ^ ^(n) ^ ^^(n+l)def ^ ^ 

such that 



(3.5) 



= {H - E){u + Au)\n^ = 0, (3.6) 
{H - £;('^+^))«("+^)|7^ = {H-E- AE){u + Au)\n = (3.7) 

are verified. 

Since Au\tz = 0, from (3.6), 

(H - E)\T^.Au\no = -{H - E)u\n^ = -F{u)\n^, (3.8) 

so 

Au\n- = -{H\no - E)-^F{u)\n-. (3.9) 

From (3.7), 

{H - E)u\n +{H - E)Au\n - AEu\n - AEAu\n = 0. 

The first term is from (3.7), the fourth term is since Au\-jz = 0. So 

AE = (H - E)Au\n = {AHAu)\tz, (3.10) 
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where we used mIt^ = 1 by definition. The error of approximation 

F(u + Au) = {H-E- AE){u + Au) 

= {H-E- AE){u + Au)\n- from (3.7) (3.11) 
= -AE{u + Au)\nc- 

We now show that the above iteration scheme converges for H in (2.1) restricted to 
appropriate subsets of Z^. 

Convergence of the Newton scheme 

It is sufficient to look at a{H) fl [-25, 26] (0 < 5 < 1/4). n + = is the resonant 
parabola. Let P = {{j,n)\n + f = 0}. Z'^\P are non-resonant. For any two points 
(j>), {j',n')eP, {j,n) ^ {j',n'), |(j» - (/, n')|oo > with 

d = max(||/|-|j||(|/| + |j|), 

2|j|, \j\ = \f\,j^f (3.12) 
(l/|-UI)(l/l + UI), \j\^\f\- 
For all {j,n) e P, \j\ > 1, define 

A, = {(/,n')||(/,n') - (j,n)U < L,}, \j\ < L, < 2(|j| - 1) (3.13) 

to be the square centered at (j, n) with side length 2Lj. From (3.12), P (1 Aj = 
{(j, n)}, IjI > 1. So (j, n) is the only resonant site in Aj at E = 0. 

For any 5 C Z^, define 

Hsij',n';j",n") = Hif ,n';j" ,n"), {f ,n'), {j" ,n") eS 
Hs = otherwise. 

We now prove that the Newton scheme in (3.2-3.11) converges for H\., when \j\ is 
sufficiently large. 

For simplicity of notation, we write H for H^.. TZ — {(j, n)}, (j, n) e P, TZ^ = 
Aj\{{j,n)}. Hjic is H restricted to TZ^. Define 

^(fc)(^(fc)) ^ _^^(fc)^(fc)|^^_ (3.16) 

Au^'^+^^lnc = -{Hn^ - E^^Y^F^^\u^''^)\n^, (3.17) 
A£;(^) = 5 ^ Au^^\3\n'), (3.18) 
li-/l=i 

\n-n'\ = l 

where we have put back the superscript according to (3.5). 

The following lemma shows that the Newton scheme (3.15-3.18) converges expo- 
nentially fast for IjI sufficiently large. 



From (3.11) 
From (3.9, 3.10) 



Lemma 3.1. 

||^(fe)|| < 2C^II^^°^ll ||^(fc-i)|| ^ all k>l, (3.19) 

lAE^'^h < ^\\F^''-^^\\ all k>l, (3.20) 
\j\ 

where F^^) = F^'^^u^''^), KC < 1/(1 - 2S), (0 < S < 1/4), u^^^ = E^^^ = 0, 
provided \j\ > 4C2||fW|| =^0. 

Remark. (3.17-3.20) show that the above iteration scheme provides a convergent series 
expansion for the eigenvalue of Ha. in [—25, 25] and its eigenfunction, although for the 
purpose of this paper, this is not needed. 

Proof. We start from k — 1. From (3.17) 

A«(i)|7^e = -(i^7^c -E(°))-1fW|^., (3.21) 

so 

||Aw(i)|| < (3.22) 

where we used 

\\Hn^-E('^\\>l. (3.23) 

From (3.18), 



|j-j'l=i 

\n-n'\=l 



= 5 [p7^c-£;(°))-^FW](/,n') (3.24) 

\n-n'\ = l 

+ [{Dt^c - E^'Y'5A{Ht^c - £;(o))-1f(°)](/, n'), 

so 

|AeW|< I^IIF^II, (3.25) 

where we used 

\n' + /'I = |n ± 1 + {j ± 1)2| > > 1) (3.26) 

and (3.23). 

Using (3.25, 3.22) in (3.16), we have 

\\F^''>\\<^^\\F^'^\\-\\F^'H\- (3.27) 

So 

||FW||<i||FW||, (3.28) 
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if \j\ > 2C||F(o)||. (3.25, 3.28) show that (3.19, 3.20) hold at /c = 1. (3.25) shows that 

_^(i)|| > (3.29) 

Assume (3.19, 3.20) hold for all k < K, which implies also that 

>1/C. (3.30) 

From (3.17) 

Al^(^+l)|7^c = -{Hno - E^'^Y^F^^'^W^, (3-31) 



so 



\\Au^^+^^\n4<C\\F^^^\\ (3.32) 

using (3.30). From (3.18) 



li-i'l=i 

\n-n'\ = l 

= -S Yl [p7^c-£;(^))-^F(^)](/,n') 

\n-n'\ = l 

+ [(L>7ec -£^^'^^)-'(JA(i^7^c -£;(^))-'F(^)](/,n'). 



So 



Hence 



> (3.34) 

Using (3.33, 3.32, 3.17) in (3.16), we have 

l|i^^''+'^ll< l^lli^^^^ll-C^(Elli^^'^ll), (3.35) 



\J\ 



k=0 



l|i^^^+^^ll<^l|i^^^^l|-||i^^°^ll, (3.36) 

if \j\ > 4C^||F*^'^^ 11^^= Jo, where we used (3.19) from 1 < < to estimate the sum in 
(3.35). (3.33, 3.34, 3.36) imply that the lemma holds by induction. □ 
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4. Computation of local eigenvalues and eigenfunctions 

Let P = {{j,n)\n + p = 0} be the resonant parabola at i? = 0. Let A-, be the 
square defined as in (3.13). We use the convergent Newton scheme to compute the 
eigenvalue E e a{Hf^^) n [-25, 25] (0 < 5 < 1/4). 

Let = = 0. Then 

F(o)(/,nO =F(0)(«(0))(/,n') = | ^' \{- = = ' (4.1) 

1^ 0, otherwise. 

Assume \j\ > 4C^||F*^^^|| = jo, so that Lemma 3.1 is applicable. 
Lemma 4.1. E has the convergent series expansion 

E = -^ + ^ + --- , 4.2 

r r 

where is independent of the Lj in (3.13). 
Proof From (3.17), 

Au^^^lnc = -{Hnc -E^^^)-^F^^^\no (4.3) 
In view of (3.18), we compute Au^^^ on the set 

{{j',n')\\n - n'l = 1 and \j - j'\ = 1}. (4.4) 

We have 

A«W(/,n') = -(I)-£;(o))-iF(o)(/,n') 

-{D- £;(0))-i5A(D - E(o))-1f(o)(/, n') 

-{D- £;(0))-i5A(L» - £;(o))-i(5A(D - E^''^)-^F^''\j' ,n') 

-(D- E^°^)-^5A{D - E^^Y^5A{D - E^°Y^5A{D - E^^^^F^^^j', n') 

-(D- eW)-15A(D - E(°))-i5A(D - E(o))-1(5A 

(£) _ £;W)-i5A(L» - £;(o))-1f(°)(/, n') 
-{D- E^^^)-^5A{D - £;(0))-i5A(L> - E^^Y^5A{D - E^^^)-^5A 

(£) _ £;(o))-lM(i^7^c - £;(o))-if(o)(/, n'). 

(4.5) 

In view of the support of F^'^'^: supp F^^-* and A, the second and fourth terms in 
(4.5) are zero on the set in (4.4), the last two terms are of order 0{l/\j\^). So 

Au^^\j',n') = -{D- E(0))-iF(0)(/,n') 

- S^D - E(°))-1A(D - £;W)-iA(D - £;(°))-iF(°)(i', n') (4.6) 
+ Oil/\j\') 
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The second term is in fact of order 0{l/\j\^). Assume n' = n — 1, j' = j — 1. The 
second term gives 



n - 1 + (j - 1)2 n - 2 + j2 - 1 + (j - 1)2 n - 1 + (j + 1)2' 
=0(l/|jf) 

(4.7) 

as claimed. Similar estimates holds for the other {j',n') in (4.4). (3.18) gives 
AE('^=S Y1 {D-E('Y'F('\f,n') + 0{l/\j\') 

\n'-n\=l 
U'-Jl=l 

= . . . ,. 7TT7 + ...... ..o + ^r-^—^ + 



n+l + (j-l)2 n+l + (j + l)2 n-l + (j + l)2 n-l + (j-l)2^ 
+ (^(l/|jf) 

(4.8) 

The C(l/|jp) is in fact absent from symmetry arguments. Using (3.16, 3.17), (4.8) is 
the only contribution at order C(l/j2). So E has the expansion in (4.2). □ 

5. Proof of the theorems 

Let E be an eigenvalue of H with eigenfunction 0: 

(i?-E)(/) = 0, (5.1) 
e £2(^^2^ from Lemma 2.1. Write x = {j,n) e 7?. We prove 

Theorem 0. Assume 

(HI) 3Lo > 1, such that dist (0, cr(i^A„)\{0}) > e"-^", '«;/iere Aq = [-Ll + 1, - 1]2, 

(^iJ^j 3^0, < ^0 ^ -^0 such that for \j\ > £o, Lemma 3.1 is available, 

(H3) ifO G a{Hx„), then G (t{Hj\) for all A — [— L, L]2 d Aq with the same multiplicity. 

Under the conditions (Hl-3), there exist < K < oo, < C < oo, < c < oo 
( depending only on 5, Lq ), such that either 

IHx)] < Ce-^^^ (5.2) 

2 



or |0(a;)| < C^e-^l^-^^l (5.3) 



i=l 



for some xi = (ui, satisfying 

\ni -E\>K and |n, + jj - E\ < 25. (5.4) 
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Remark. If (HI) holds for the cube Aq = [—Lq + 1, Lq — 1]^, then it holds for the cubes 
A' = l-Ll + L,Ll- L]2, (0 < L < Lo). 

Proof of the theorem. As earlier, we may assume E e [—25, 26] (0 < 5 < 1/4) without 
loss of generality. This is because if we define to be (/>(■, ■) — (/>(■ — A^, ■), N e Z. 
Then {H — E)^ = with E = N + E. So has the same localization properties as 0. 

Let 

A=[-L^ + l,L^-lf,L>Lo. (5.5) 

So A D Aq. Let P — {{j,n)\n+j^ — 0} be the set of resonant points. Let Pa = PflA. 
We cover Pa with Aq, A±j (Lq < j < L), A±j as defined in (3.13). Denote by /i 
the eigenvalues of Haq in [—25,2(5], and X±j the eigenvalues of H\^. in [—25,25], i.e., 
M = a{HAj n [-25, 25], A±,- = a{HA^.) D [-25, 25], (Lo < j < L). 

Below we show that uniformly in A, ^u, \±j are approximate eigenvalues of Hx in 
[—25,25]. (For precise meaning of this, see (5.16, 5.17).) Therefore as A Z^, the 
nonzero but "small" eigenvalues of "come" from H^^. {Lq < j < L) (see (5.18, 
5.19)). 

Let A* denote either Aq or A±j and 

dA^ = {(/, n') e A^|3(/', n") e A\A^, such that ]/ - j"\ = 1 and \n' - n"\ = 1} 

(5.6) 

be the interior boundary of A* relative to A. Let Pa^ = P fl A*. 
Define A'^ = A*\Pa,. We have 

dist {a{HA'J, [-25, 25]) > 1 - 25 (0 < 5 < 1/4). (5.7) 

Let Ha'^ be defined as in (3.14) and 

T = Ha^-Ha'^. (5.8) 

Assume is the eigenfunction for the eigenvalue A* e a{HA,) H [—25, 25]: 

(i^A. -A.)0 = O. (5.9) 

We have the identity 

(t>=-{HA'^-X.)-^V4> (5.10) 
using (5.8). Using (5.6, 5.7), we then have for some a > (depending only on 5) 

\p(dAo) < (Lo large enough ) 



(5.11) 

and||0||,.(SA,)<e-"l^l. 



Let Ha be defined as in (3.14) and 



T ^ Ha - Ha, ■ 
13 



(5.12) 



(5.13) 



We compute 

(^A - A.)0 
=(iyA. -A*)0 + f0. 

So 

ll(iyA-A.)0ii<i|f</.|| 

e-«^o if A. = Ao, (5.14) 
e-«l^'l if A, = A±j, 

where we used (5.11). This shows that 3A e (t{Ha) fl [—25, 25] such that 



< 



|A, - A| < e-"^o if A* G (j{Ha„) n [-25, 25] 
and I A* - A| < e""!^! if A* e (7(iy±j) n [-25,25]. 



(5.15) 



Let / = I Pa I be the number of resonant points in A. We further label the (normal- 
ized) local eigenfunctions in (5.9) as 0i, 02r--0/- Using (5.7, 5.10), the matrix A with 
entries Aij — is invertible. Combined with (5.15), this shows that 

A = // + 0(e-'*^°) (5.16) 
or A = A±j + (!:)(e-'^l^l), (5.17) 

where n are the eigenvalues of i^Ao [~25, 25] and \±j are the eigenvalues of H{^^ . 
in [—25, 25] and have the convergent series expansion as in (4.2). 

Let //min be the smallest (in absolute value) nonzero eigenvalue of H^^ in [—25, 25], 



K' = 5/V|/^min| > (5.18) 

and set 

A = [-K'^ + K',K'^ + Kf. (5.19) 
(Hl,3,4.2,5.16,5.17) then imply 



dist [a(HA) n [-25, 2S],a{HA±j) n [-25, 25]] > for j > K' . (5.20) 

\'J I 



Given E e [-25, 25], we define 
E resonant with A-tj, if 

\E - < e-^' {j >K',0<p< 1/2), (5.21) 

where A±j are as defined in (3.13), X±j are the eigenvalues of H\^^ in [—25, 25] and 
have the convergent scries expansion in (4.2). 

E resonant with A (defined in (5.19)) if 

dist {E, a{HA)) < e'^" (5.22) 
14 



and 

\E - X±j\ > e-i' (0 < p < 1/2), Vj > K'. (5.23) 

Otherwise we say that E is non resonant. Since for aU E G [—25,25], either (5.21) 
holds for some k±j or (5.23) holds, if (5.23) is satisfied and (5.22) is not, then from 
(5.19), E is not an eigenvalue of cr(iy) as 

dist ((j(i?), (7(i?A)) < e-^(^') < e-^" (0 < p < 1/2). 

So if E is non resonant and E e cr(-ff) n [—25,25], then E is an accumulation point 
since o{JI) is pure point from Lemma 2.1. In this case £■ = 0. 

If E is resonant with Aj (j > K'), then 

|B| > 9^ (5.24) 

and 

dist (E, a(iyA)\{0}) > ^ (j > K') (5.25) 
from (5.18, 5.19, 5.21), and for ^ |/| > 



dist (E, .(ifA,^.,)) > 1^ - ^1 - (9(e-^) - 0(e-'^) 

> 0(52) 



(5.26) 



[min(|j|, \j 



;'IM3 ' 



where the 0(p) are uniform in j^'j, jj'l > JC'. (5.24-5.26) together with (HI, 3) imply 
that 

dist (E,a(iyA,\{(±,-,)})) > ^ (lil > K') (5.27) 

for all A' C Z^, where the (9(5^) is uniform in A'. 
If E is resonant with A, then since 

\E - A±j| > e-J'" (0 < p < 1/2), Vj > K', (5.28) 

by definition, 

dist (E, (7(i?A'\A)) > OieT^'), V A' = -[J^ jY, J > K'. (5.29) 

Assume E is resonant with A-i-^- . Let 

A'(/c) = (i, n) + [-A:, /c]^, j > 0, n + = 0, /c > 2(j - 1) (5.30) 

be cubes centered at (j, n) with side lengths 2k. Let P = {{j',n')\n' + j' = 0} as 
before. Assume A'{k) is such that 

dist[(/,n'),c»A'(/c)]>|/| (5.31) 
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for all (j', n') & P D A'(fc), where dA'{k) is the boundary of A'{k) defined as in (5.6). 
Assume also that if A'(A;) n A 7^ 0, where A is defined in (5.18, 5.19), then A'{k) D A. 
Similarly we define 

A"{k) = (-j, n) + [-/c, kf, f +n^0 (5.32) 

Let TZ = {{j, n), {—j, n)}, j'^ + n = 0. Given any a; e Z^, it is easy to see that there 
exists k, such that either x e A' (A;) or a; e A" (A;) or both, and 

10 dist {x,nnA'{k)) > dist {x,dA'{k)) > dist (x, 7^ n A'(/c)), if x e A'(/c), 

(5.33) 

10 dist {x, n n A"{k)) > dist {x, dA"{k)) > dist {x, TZ n A"{k)), if x e A"{k). 

(5.34) 



Assume x e A' (A;), (x e A" (A;) works in the same way). We write A' for A' (A;) for 
simplicity. Let HAf\-]z be defined as in (3.14) and 

T = H- i^A'\7^• (5.35) 

Then 

cf>{x) = J2GA'\n{x,y)m{y), (5.36) 
where cf) is the eigenfunction of H with eigenvalue E [(p ^ Q) and 

GK'xnix^y) = (i^A'\7^ - E)-\x,y) (5.37) 

To estimate G/^r\q^^ we use the resolvent equation. There are two cases, A n A' = 
and A C A'. When A fl A' = 0, we cover A'\7^ with cubes A and annulus A = 
A\{(±j, n)}, such that either (a) A n P = or (b) A n P = (/, n') and 

dist [(/,n'),M] > Ij'l/A. (5.38) 

In case (a), 

dist {E,a{Hj^)) = 0{l), (5.39) 

in case (b), 

dist {E, a{H-^)) > . ^^.f |l,|.i3 , (5.40) 
[mm(|j|,|j'|)]'^ 

similar to (5.26). In case (a), we have 

\{Ha - E)-\x, y)\ < Ce-^\--y\, C,k>0 (5.41) 
for all X and y. In case (b), we have 

\{H-^-E)-\x,y)\<Ce--\--yK (5.42) 

for all X and y such that \x — y\ > ^/f, j' large by Neumann series. 
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Iterating the resolvent equation using (5.41, 5.42, 5.27), we obtain 



|G'A'\7^(^,y)| < e-'^^-^l, < «' < « (5.43) 

for all A', X, y & K.' , \x - y\> /c/10. When A' is such that A' n P = {(j, n)}, then 

\\{H^>\n-E)-'\\=0{l) 
|G'A'\7^(^,y)|<e-«'l^-^l 



(5.44) 
(5.45) 



for all X and y. 



When A C A', we cover A'\R with A, annulus A and cubes A satisfying properties 
(a, b) as before. Using (5.41, 5.42, 5.27) in the resolvent equation, we obtain (5.43), 
assuming \j\ > K > K' . (5.36, 5.43, 5.45) then give (5.3). 

Using (5.28, 5.29) in place of (5.26, 5.27) in the resolvent iteration, we obtain (5.2) 
in the same way using (5.36) with A replacing TZ. □ 

Proof of Theorem 1. We only need to verify that (HI, 3) are satisfied as Lemma 3.1 
is available. This is where we need 5 to be small. Take A = [—8,8]^. From (2.3), 
E G a{Hjs) if and only if G a{H\^E)-: where H\ e is defined similarly as in (2.3, 2.4) 
with replacing H in (2.4). H^^^e is a 5 x 5 matrix. Specifically we have 



def 





/O 1 


1 










1 












-s 


1 





























Vo 





oJ 






/I 
















1/4 


-1/2 











-1/2 


1/4 

















1/4 





Vo 











1/4/ 



+ 0(5') 



It is easy to verify that the 5 eigenvalues of A satisfy 



(5.46) 





1/^21 


1/^3 1, 





5|x5^ (0<(5<1) (5.47) 
where Ax B denotes B/C < A < CB (C > 0). So the eigenvalues /j, of Hj^ satisfy 

|//| > 0{l)d^. (5.48) 



The eigenfunctions of Hj^ satisfy 
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(5.49) 



by using the same arguments as in (5.6-5.11). (5.48, 5.49) imply that (HI, 3) are 
satisfied and in fact ^ cr{H\) for aU finite subsets A C Z^. So we reach the conclusion 
of Theorem 1. □ 

Proof of Theorem 2. If u{0) e H^{T), (s > 0), then u{t) e H^{T) for aU t and satisfies 

\\uit)\\H'> <Cs{l + m\\u{0)\\H^. (5.50) 

This holds generally for linear Schrodinger equation of the form (1.1) with real, smooth 
and bounded V (depending on x and t), cf. Lemma 6.2 in [B2]. 

Let (f) = (f){j,n) be the eigenfunctions of the Floquet Hamiltonian H in (1.13) with 
eigenvalue E. Then the Bloch waves 

^{x,t) = e'^' J2 0(j,n)e^(^--+"*) (5.51) 

provide a basis to expand the solution u{t) with initial condition tt(0). More precisely 
for any given initial condition u{0) G L'^{T), let uqU), j G Z be its Fourier coefficients. 
Identifying uq G £^(Z) with uq e defined by 

^io(j,0) = ?io(j) 
uo{j,n) = 0, n 7^ 0. 



We have 



So 



where 
and 



(5.52) 

u{x, t) = ^(«o, 0)0(a;, t). (5.53) 

Ht)\\%. = \\j2i^o,ci>)4>m%^ («>o) 
<^ 

= j2(^+\jn\T.(^o,m{t),ej)\' ^5.54) 
= J2(^+\j\'n\T.J2MmkMkt),ej)\', 

j (j) k 

ej = e"*^'^, (5.55) 



(0(t),ej) = / ^{t)e-'^''dx 
Jo 



(5.56) 



In view of the localization properties of (j) in (1.14, 1.15), we decompose ^^^^ 
^k,\\k\-\j\\<\j\/2 and Efe,||fc|-|j||>|j|/2- We have 

=E(l + l^l'^)lE E ^o(fc)</'(fc,O)(0(t),e,)|2 

J <^ fc,||fe|-|j||<b7|2 

+ + E ^o(fc)</>(fc,0)(<^(t),e,)|2 (5.57) 

j 4> fe,||fc|-|j||>|i/|2 
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Using (1.14, 1.15), 

S2<Cj2i^ + \j\^n E e-"ll^l-l'=ll|mO)||j^. (5.58) 
J fe,l|fe|-UII>b7|2 

for some a > and we used H^oHto ^ ll'^olli ^ ll'*^(0)lllf'' > 0)- So 

52<CW|mO)||l,.. (5.59) 

To estimate Si, we notice that — \j\ \ < \j/\2. So 

^<|A;|<^UI<2|j|. (5.60) 
We make a dyadic expansion. Define 



J2 Mk)e''''',i^ 0,1,... (5.61) 



i.2«<|fc|<4-2« 



Then 

= cE(2^)^iiE(-o^<^)0Wiii ^'-''^ 
= cY,{2^r\\u^\\i 

where we used (5.60, 5.61), £^ norm conservation. The last hne foUows by standard 
considerations using dyadic expansion. Using (5.59, 5.62) in (5.57), we obtain (1.16). 

□ 
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